Summary. A Weitzenböck formula for SL(q)-foliations is derived. Its linear part is a relative trace of the relative curvature operator acting on vector valued forms.
1. Introduction. The aim of the paper is to get a Weitzenböck formula for a wide class of foliations, so called SL(q)-foliations, in the algebra of relative vector valued differential forms. For foliations and their basic properties, see [1] , [2] , [3] and [5] . An SL(q)-foliation is a foliation satisfying the condition that its transversal volume form is closed. SL(q)-foliations have been studied extensively in the broader, measure-theoretical, context by Sacksteder [7] , Plante [4] and others. They play an important role in many contexts.
A question arises how restrictive the above condition is. The example in Section 2 shows that, locally, every foliation can be made an SL(q)-foliation by a suitable choice of a Riemannian metric. For SL(q)-foliations, one can derive many nice properties of the differential, the codifferential and the Hodge star operator. Notably, all three restrict to the leaves of the foliation and preserve all their attributes (cf. Propositions 3-7). These properties are derived thanks to our working in a very special coordinate system, called F-normal. The description and the proof of existence of such a system can be found in Section 2.
It is interesting that the Weitzenböck formula obtained in Section 6 is similar to the classical one. The main difference is that traces are replaced by relative traces, that is, taken with respect to frames tangent to the leaves.
Basic notions.
For the sake of simplicity, throughout our paper, we will denote the spaces of smooth sections of bundles by the same symbols as the bundles themselves, e.g., T M is, depending on context, the tangent bundle or the space of vector fields, i.e., the space of sections of this bundle. Let (M, g) be an oriented Riemannian manifold of dimension n, and let ∇ g be its Levi-Civita connection. Assume that F is a transversally oriented p-dimensional foliation of M and q = n − p. Let Q be the normal bundle: Q = T M/T F, and (E, h) an arbitrary Riemannian vector bundle over M of rank r. Let ∇ h be any covariant derivative in E which is compatible with the metric h. The Riemannian structure and the orientations enable us to define two forms Ω F , Ω Q on M as follows [9] . Let a ∈ M and let e 1 , . . . , e n be an orthonormal base in T a M * such that e 1 , . . . , e p is a base in T a F * . Then, at a,
It is clear that the above formulas define global forms on M called the tangent and the transversal volume forms, respectively. We say that F is an SL(q)-foliation (cf. Tondeur [8] ) if the transversal volume form is closed, i.e., dΩ Q = 0.
It is easy to see that any foliation is locally (for a suitable choice of a Riemannian metric) an SL(q)-foliation. Indeed, let φ : M → N be a submersion of an oriented manifold M to an oriented Riemannian manifold N . There is a smooth distribution D on M such that for, each point x 0 ∈ M ,
where F is the foliation given by φ. Moreover, dφ gives an isomorphism between D x 0 and T φ(x 0 ) N . Let (Y 1 , . . . , Y q ) be a local orthonormal frame in a neighborhood V of φ(x 0 ) on N . Let (X 1 , . . . , X n ) be a frame in a neighborhood U of x 0 such that, for any x ∈ U , X 1 , . . . , X p ∈ T F and dφ |x 0 (X j ) = Y j |φ(x 0 ), j = p + 1, . . . , n. Let f p+1 , . . . , f n be any system of smooth nonvanishing functions in U such that f p+1 · . . . · f n = 1. Let g be the Riemannian metric on U such that X 1 , . . . , X p , f p+1 · X p+1 , . . . , f n · X n form an orthonormal frame on U with respect to g. The foliation F is a Riemannian foliation [3] , [8] in U if and only if all the functions f p+1 , . . . , f n are identically 1 on U . In any other case, we get an SL(q)-foliation which is not Riemannian.
We will work in a special coordinate system called an F-normal coordinate system centered at a, a ∈ M , described in the following Proposition 1. For any point a ∈ M there exists a neighborhood U of a and an F-integrating map x : U → I p × I q such that
at a, where ∇ F denotes the connection on leaves induced by ∇.
Proof. Letx : U → I p × I q be any F-integrating map such thatx(a) = (0, 0). We use this map to induce a Riemannian structure on the p-dimensional manifold N a =x(L a ∩ U ). Let y : N a → I p be a normal coordinate system on N a with center at (0, 0). Thus, at (0, 0), we have
The metric and the Levi-Civita connection on the manifold N a are still denoted by g and ∇ F . Definex :
Observe thatx =x •x is an F-integrating map such that
. . , n, are unit vectors mutually orthogonal at the origin. It is enough to define
Notice that I(Q) is an ideal in the exterior algebra of differential forms on M . By the algebra of relative forms we mean the quotient algebra
It is easy to see (by the Frobenius theorem) that d(I(Q)) ⊂ I(Q).
In a natural manner, we get the differential operator
where [ω] F is the class of ω in ΛT F * . The formula (1) suggests that, locally, in any integrating map, we can drop the brackets and treat relative forms just as usual forms on M that do not contain the differentials of transversal coordinates. More precisely, we have the following description of local sections of Λ k T F * . Proposition 2. Any integrating map (U ; (t, y)) induces a trivialization of the bundle Λ k T F * over U . The trivialization defines the natural isomorphism of the modules of local sections:
The isomorphism can also be described uniquely when a Riemannian structure on M is given. Indeed, for every foliation F, we have a short exact sequence
Passing to duals, we have
The metric g defines a natural splitting map ν :
So, we can view sections of the bundle ΛT * F as sections of ΛT * M . For our further investigations, without ambiguity, we can omit the letter ν.
A similar construction can be made for sections of the bundle Λ k T F * ⊗E of relative k-forms with values in E.
Indeed, let ∇ F : Γ (E) → Γ (T F * ⊗ E) be the partial linear connection on E induced by ∇ h , e = (e 1 , . . . , e r ) a local moving frame of sections of E, and e * = (e * 1, . . . , e * r ) the frame of duals. Then ∇ F e = ω⊗e, where ω = (ω i j )
with ω i j relative scalar local 1-forms, i, j = 1, . . . , q. The curvature
with Ω i j relative local 2-forms, i, j = 1, . . . , q, as follows: R F = q i,j=1 Ω i j ⊗ e * j ⊗ e i . The forms ω and Ω are related by the known structure equations:
One can extend ∇ F to the bundle Λ k T F * ⊗ E of relative k-forms η with values in E:
We can define the operator of exterior differentiation for forms with values in E, d F :
Using the same symbol as for differentiation of scalar forms will not lead to confusion since the operators in question have different domains. One can check that, since ∇ g is torsion free, d F is the antisymmetrization of ∇ F :
4. Relative Hodge star operator. In this section, we will define the relative Hodge star operator for vector valued forms on foliated manifolds. This operator has all the properties of the regular star operator. However, to get the classical formulas for the codifferential operator d * F , we have to assume in the next sections that our foliation F is an SL(q)-foliation, i.e., the transversal volume form Ω Q is closed.
where (e 1 , . . . , e p ) is an oriented orthonormal (o.n.) base in T a F * and where
The formula (3) defines a linear operator * F :
One can easily check that it has the following properties.
In this section, we will assume that F is an SL(q)-foliation. First, we prove the following proposition.
Proof. Let a ∈ M and let x = (x 1 , . . . , x n ) be an F-normal coordinate system in U centered at a. Let e i = dx i for i = 1, . . . , n. Without loss of generality, we can assume that η = e i 1 ∧ · · · ∧ e i k ⊗ s on U . Then, by Proposition 1, (e 1 , . . . , e n ) is an orthonormal base in T a M * . Recall that F is an SL(q)-foliation and, at the point a, Ω Q = e p+1 ∧ · · · ∧ e n , so, at this point, we have
As a direct consequence of Propositions 3 and 4, we obtain
The right hand side of formula (4) defines, up to sign, the operator formally adjoint to d F on M (not only on the leaves) in the following sense:
provided α or β is of compact support, so the operator
Thus, after multiplying both sides by Ω Q we have
Summing up the first and third summands, and then the second and fourth, we get
By Proposition 5, the last two terms are equal to
Integrating over M and applying Stokes' theorem, we obtain the statement.
Proof. Let x : U → I p × I q be an F-normal coordinate system centered at x 0 . For σ ∈ Λ k−1 T F * ⊗ E, we have
By (2) and the compatibility of the metric and the connection,
Weitzenböck formula
Theorem 1 (Weitzenböck formula). Let (M, g) be a Riemannian manifold, (E, h) a Riemannian vector bundle, and F an SL(q)-foliation. Then, for any σ ∈ Λ k T F * ⊗ E,
where
Proof. Let x 0 ∈ M and let (x 1 , . . . , x n ) be an F-normal integrating coordinate system at x 0 . Observe that, by the definition of d F , Proposition 7 and the F-normality of the coordinate system, we have
On the other hand, using Proposition 7, the F-normality of the coordinate system and formula (2), one can calculate This completes the proof of the theorem.
It is interesting to note that also a global (not foliated) version of the Weitzenböck formula can be used to get some geometric properties of a foliated manifold. E.g., Rummler [6] obtained that way some criteria for a foliation to be geodesic or parallel.
